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Some Considerations in the Theories of Combinations, Probabilities, 
and Life Contingencies. By Peter Hardy, Esq., F.R.S. and 
F.I.A., Actuary to the London Assurance Corporation. 

[Concluded from No. VI.] 

JjEFORE I proceed to the more immediate object of this paper, 
viz., to the Consideration of some leading Problems in the Theory 
of Probabilities, I would premise a few observations with reference 
to the doctrine of Life Contingencies. 

In my work on Notation, p. 13, 1 have asserted a fact which is 
of such essential importance in the elucidation of the doctrine, that 
it can scarcely be too often repeated, or too strongly impressed upon 
the mind of a student, viz., that curtate expectations of life are the 
values of annuities which do not bear interest ; and this is univer- 
sally true, whether they be the expectations of single lives, of joint 
lives, of the longest of two or more lives, or of a life or lives after 
another or others, — in short, however remote or complicated the 
contingencies may be in which they are involved ; and the values 
of annuities, or those series in which interest is involved, are 
invariably in the same form of expression as their corresponding 
curtate expectations, as thus employing the notation explained in 
the work already alluded to. The curtate expectation of the life, 
A, will be expressed by the series 

^ + ^ + ^ + ^ +)&c . )== Ea, 

a a a a 

and the value of an annuity of £1, during the same single life, will 
be expressed by the series 

a, ra 2 a 3 a 4 . T 

— + — + — 3+— + &c, = 1A; 
ar ar ar* ar 

now the series of which JIjA is the sum, differs only from the series 

of which lA is the sum, in the circumstance that interest is in- 
volved in the latter series as an element in the calculation ; in like 
manner, the curtate expectation of the joint existence of the two 
lives, A and B, will be expressed by the series 

^ + # + 4 3 + 4 4 +&c-, = EaB 1 ; 
ao ao ao ao 
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and the value of an annuity of £1, payable during the joint exist- 
ence of the same two lives, — that is to say, payable until one drops, 
— will be expressed by the series 

a A a A , azh . a A . »„ Trs 

^7 + ^ + ^ + ^ + &C '' = lAB ' 

and, in like manner, the series of which KiAB is the sum, differs 

only from the series of which J.AB is the sum, in the circumstance 
that interest is involved in the latter series as an element in the 
calculation. 

It will moreover be seen that, in each series, whether involving 
interest or not, all the terms subsequent to the first, are of a corre- 
sponding form of expression with such first term, so that such first 
term may be taken as indicating the character, and consequently 
the sum, of the series, as thus : — 

*=Ea, 

a 
equal to the curtate expectation of the life of A ; 

ar 
equal to the value of an annuity on the life of A ; 

ab 
equal to the curtate expectation of the joint lives, A and B ; 

^ = 1X5, 

aor 
equal to the value of an annuity on the joint lives A, and B. 

Hence, if in any given case we have determined the form of ex- 
pression for the expectation, we shall, in point of fact, have deter- 
mined the form of expression for the corresponding annuity also. 

Problem I. — The number of cases in favour of the happening 
independently, of three independent events, being 

a, out of a, 
Ji out of b, 
Cj out of c, 

required the probabilities of their happening separately ; or, in 
other words, — 
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To find the probability of an event happening once in one trial. 
From what has been previously stated, it is manifest that the 

probability of the first event happening by itself will be — > 

which is also the probability that the first event will happen once 
in one trial. 

The probability of the second event happening by itself will be 

~r, which is also the probability that the second event will happen 

once in one trial. 

The probability of the third event happening by itself will be 

— , which is also the probability that the third event will happen 

once in one trial. Now, let the separate events, which are to hap- 
pen, be, that three given lives, A, B, and C, shall survive a certain 

assigned period of time, — say one year, — then we shall have — 

for the probability or expectation that A will survive one year, and 

-r- for the probability or expectation that B will survive one year, 

and — for the probability or expectation that C will survive one 

year ; consequently, as the terms subsequent to the first are similar 
in form to each first term, 

— will indicate HiA, 
a 

equal to the curtate expectation of the life A ; 

-ji- will indicate ihB, 
b 

equal to the curtate expectation of the life B ; 

— will indicate JuC, 
c 

equal to the curtate expectation of the life C. 

Problem II. — To find the probability of an event happening 
once in two trials. 

The probability of the event happening in the first trial (accord- 
ing to. the preceding problem) is — , which is the first part of the 

total probability required ; but the event may fail in the first, and 
happen in the second trial, the probability of which is — 

VOL. II. T 
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a a 



which is the second part of the probability required ; consequently, 
the sum of these two parts, or 



<?! a x a\ 2«! of 

si ' n /?" n rt" 



is the total required probability of the event happening once at 
least in two trials. Instead of the event being required to happen 
once in two trials, let the condition be that one at least out of two 
events shall happen, which is obviously the same with the preced- 
ing, only differently expressed, and let the new condition be, that 
out of two lives, A and B, one at least shall survive one year, it is 
manifest that in place of 

2« t a\ 
~a ~tf' 
we shall have 

a b ab' 
equal to the probability required ; and further substituting JliA for 

— , and JDjB for -r-, &c, we shall have 

a b ' ' 

Ea + Eb - Eab, 

which is the expression for the expectation of the longest of two 
lives.* 

Problem III. — To find the probability of an event happening 
once in three trials. 

It may happen in the first trial, the probability of which is — , 

and is the first part of the probability required ; but it may fail in 
the first trial, and happen, once at least, in the two remaining 

trials ; this probability, according to Problem II., is \, 

therefore 

1 _* L \(2a L __ 
a J \ a 

is equal to 

2a, 3a? o? 

* See Baily, chap, ii., Prob. 2, p. SO; and Hardy's Notation, p. 33. 
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which is the second part of the required probability ; the sum of 
these two parts, or 

a t 2a, 3a\ a\ 3^ 3a\ a\ 
a a ar ar a a' ar 

which is the total probability that an event will happen onpe at 
least in three trials. Now, as before, let us substitute separate 
events for separate trials, and let those events be again the lives 
A, B, and C, and, instead of the formula immediately foregoing, 
we shall obtain 

<ii b t C, aj>i a^Cy bfa afi^ 
a b c ab ac be abc 

which may, as in the preceding problem, be represented by 

Ea + Eb + Ec - Eab - Eac - Ebc + Eabc, 

which formula is the expression for the expectation of the longest 
of three lives.* 

Problem IV. — To find the probability of an event happening 
twice in two trials. 

This is manifestly equal to the probability of the event happen- 
ing twice in succession, or, what is the same thing, two separate 
events happening together, which is equal to the product of the 
separate probabilities — 

a t a] a, 
a a a 

substituting lives as before, we obtain 

— x —r- = ~V; an< J> consequently, HiAB, 
a o ab " 

which is the expression for the expectation of the two joint lives, 
A and B. 

Problem V. — To find the probability of an event happening 
twice in three trials. 

The event may happen once in the first trial, equal to — ; 

and once also in the two succeeding trials, equal to — \; 

a a 

the product of these two quantities is equal to 

* Baily, Prob. 2, p. .50; Hardy's Notation, p. 36. 

T 2 
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a x I 2a, a\ \ 2d\ a\ 



«' ' "' 2 



and is equal to the first part of the required probability. But the 
event may fail in the first trial, and happen successively in the 
two last, equal to the product of 



which will be the second part of the required probability ; and the 
sum of these two parts, viz., 

2a\ a\ a\ a\ _J5o? 2a? 
~aF ~ ~a* + ~a* ~~a* ~ ~tf ~ ~~a T ' 

will be equal to the total probability required. Now, substituting, 
as before, the three lives A, B, and C, we obtain 

a,5, a-fix 5,e, 2a l b l c l 
ab ac be abc 

equivalent to 

ElB + EaC + EbO - 2 EaBC, 

which is the expression for the expectation of the longest of any 
two out of three lives.* 

Problem VI. — To find the probability of an event happening 
three times in three trials. 
Here we have 

a x a x o, o? 
a a a a 6 

for the probability required, and substituting the three lives, A, B, 
and C, as in the preceding problems, we obtain 

'.' ' , equivalent to JnABC, 
abc 

or to the expectation of the three joint lives. 

Problem VII. — To find the probability of an event happening 
once, and once only, in two trials. 

This problem must be carefully distinguished from the second 
problem, in which it was required that the event should happen 
once at least in two trials, there being no restriction placed on its 

* Baih', chap. iii. p. .58 ; Hardy's Notation, p. 36. 
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happening more than once; but here the problem is restricted to 
the event happening once, and once only, implying that such event 
is to happen in one trial and to fail in the other, as thus, it may 
happen in the first trial, and/az7 in the second ; equal to 

a \ a J a a 2 ' 

which is the first part of the required probability ; or, vice versa, it 
may fail in the first trial and happen in the second; equal to 

a, \ a l a, a\ 
a J a a a 2 ' 

which is the second part of the required probability ; and the sum 
of these two parts will be 

2oj 2a? 

a a 2 ' 

equal to the total probability required. Now, if we substitute two 

lives, A and B, as in former instances, we shall, instead of the 

. 2a, 2a? . 

expression j-, obtain 

a t 5, 2aj5i 
a b ab 

which, as before, is equivalent to 

Ea + Eb-2EaB, 

and is the expression for the reversionary expectation of the life of 
the survivor, after the extinction of the first of the two joint lives 
A and B.* 

Problem VIII. — To find the probability of an event happen- 
ing once, and once only, in three trials. 

It may happen in the first trial, and fail in the second and 
third trials ; equal to 



X 

a \ a 

a \ I «i «i a\ \ a, 2a? a? 
a \ a ad 1 ) a a* a 3 ' 

equal to the first part of the total probability required. But it 

* Baily, chap, iii., and Hardy's Notation, p. 33. 
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may fail in the first trial, and happen once, and once only, in the 
second and third trials (Prob. VII.) — 

i_M (^l 2< %\ - 2ai M 2a ' 

a J \ a a* ) ~ a a 2 a 3 

equal to the second part of the required probability ; the sum of 
the first and second parts will be equal to 

3«! 6flj 3a? 
~a F + a 3 ' 

which is the total probability required of an event happening once, 
and once only, in three trials. 

If we now substitute, as before, the three lives A, B, and C, 
we shall obtain the corresponding expression — 

a, Jj c x 2a t b t 2a i c l 21^ 3«Aei 
a b c ab ac be abc 

equivalent to 

Ea + Eb + Ec - 2EaB - 2El6 - 2EBC + 3EaBC, 

which is the expression for the reversionary expectation of the life 
of the last survivor out of the three lives, A, B, and C, after the 
extinction of the other two, which is manifestly equal to the final 
expression arrived at in Problem III., lessened by that arrived at 
in Problem V.* 

Problem IX. — To find the probability of an event happening 
twice, and twice only, in three trials. 

Here the event may happen once in the first trial, and may 
happen once again, but once only, in the last two trials, as in 
Problem VII., equal to 

a, / 2a, 2a? \ 2a? 2a? 



a \ a a 2 / a 2 a 3 ' 



to be reserved, as the first part of the probability required. But 
the event may fail in the first trial, and happen successively in the 
two remaining trials, equal to 



o, \ a| a? 



a ' " 2 



* The above expression is obviously identical with XjABC — XjABC. — See Hardy '1 
Notation, p. 38. 
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for the second part of the probability required; the sum of these 
two parts, 

3a? 3a? 

will be equal to the total probability of an event happening twice, 
and twice only, in three trials ; substituting the three lives, A, B, 
and C, as before, we obtain 

«]Ji etiCi b l c l Zu l b\C l 
ab ac be abc 

or its corresponding expectation, 

EaB + EaO + EbC - 3EABC, 

equal to the reversionary expectation of the joint existence of any 
two survivors out of the three lives, A, B, and C ; or, what is the 
same thing, equal to the expectation arrived at in Problem V., 
lessened by the expectation arrived at in Problem VI.* 

The foregoing nine problems nearly exhaust the subject, so far 
as three lives only are involved, without having reference to any 
particular order of survivorship ; but, before concluding this paper, 
I would again invite attention to the doctrine of combinations. It 
has been already shown that the horizontal columns, both in the 
alphabetical and in the numeral tables given in pages 155 and 157, 
express the coefficients of an expanded binomial; the rationale of 
this will be sufficiently obvious to all my readers who are suffi- 
ciently advanced in analysis to demonstrate the binomial theorem 
for affirmative and integral powers, inasmuch as the constant mul- 
tiplication of a and b into each other, and into their successive 
powers, gives rise to a perfect series of combinations. 

The immediate application of the law of combinations to that of 
probabilities will be made more readily apparent by arranging the 
foregoing problems, and a few additional and general cases, into 
tabular forms, in the manner following. 

* The equivalent expression for the formula given in the text is liiABC — XiABC. 
— See Hardy's Notation, p. 37. 
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Table I. 



When the event is to happen 


The probability is 




a 






2a, 
a 


«? 
a 2 


Once in three trials .... 


3a, 
a 


3a? a? 
~~ a 2 + a 3 




4a, 
a 


6a? 4a? a? 
~~a T+ "a 7 " - > 




5a, 
a 


10a? 10a? 5a? «? 
a 2 'a 3 a 4 + a 5 



Table II. 



When the event is to happen 


The probability is 


Twice in two trials .... 


a\ 
a* 






Twice in three trials .... 


3a? 
a 2 


2a? 
a 3 




Twice in four trials .... 


6a? 
a 2 


8a? 3a? 
a 3 + a 4 




Twice in five trials .... 


10a? 


20a? 15a? 


4a? 


a 2 


a 3 ' a 4 


a 5 




15a? 
a 2 


40a? 45a? 
a 3 ' a 4 


24a? 5a? 

4- 

a 5 + a 6 
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Table III. 



When the event is to happen 


The probability i8 


Once only in one trial . . . 


a 




Once only in two trials . . 


2a! 
a 


2a? 
a 2 


Once only in three trials . 


3a, 
a 


6a? 3a? 

"a T + _ a F 


Once only in four trials . . 


4m x 
a 


12a? 12a? 4a} 
a 2 ' a 3 a 4 


Once only in five trials . . 


5«! 


20a? 30a? 20a} 5a? 


a 


a 2 'a 3 a 4 ' a 6 



Table IV. 



When the event is to happen 


The probability is 


Twice only in two trials . 


a\ 
a 2 






Twice only in three trials 


3a? 

a 2 ~~ 


3a? 
a 3 




Twice only in four trials . 


6a? 

a 2 ~ 


12a? 6a} 
a 3 + a 4 




Twice only in five trials . . 


10a? 
a*. 


30a? 30a} 
a 3 ' a 4 


10a 
a 5 


Twice only in six trials . . 


15a? 
a 2 


60a? 90a} 
a 3 ' a 4 


60a? 15a? 
a 5 ' a 6 
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